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In this work we examine what are the cosmological implications of allowing the geometrical
curvature density to behave independently from the energy density contents. Using the full
data extracted by Planck mission from CMB, combined with BAO and SNIa measurements,
we derive, in the light of this approach, new constraints on the cosmological parameters. In
particular we determine the behavior of the curvature dark energy degeneracy when allowing
a varying equation of state for the latter. We also examine whether this approach could bridge
the gap recently found between the Hubble parameter value determined from CMB and that
from the local universe measurements
1 Introduction
One of the prediction of the theory of inflation is that the universe is spatially flat 1. The spatial
curvature parameter Ωk was found smaller than < 10
−4 when constrained 2, with very high ac-
curacy, using the observed cosmic microwave background (CMB) fluctuations 6 combined with
other cosmological observations, like type Ia supernova (SNIa)3 and baryon acoustic oscillation
(BAO) 5. Observations 7 8 have shown that the expansion of the universe is accelerating, lead-
ing to the existence of what is called dark energy. This relies on the general relativity (GR)
paradigm in which a geometrical tensor is set equal to the matter-energy tensor. Consequently,
according to GR, for the curvature parameter of the universe Ωk is uniquely related to its energy
contents. Therefore, testing this relation allows to test GR at cosmological scales. This can be
done by introducing on one side a geometrical curvature parameter denoted Ωkgeo and the other
side another parameter related to the energy contents: Ωkdyn = 1−
∑
Ωi.
Zolnierowski & Blanchard9, ZB hereafter, (see also Clarkson10), tried, using datasets from BAO,
SNIa and reduced CMB parameters, to perform this test and to analyze the relation between
the two curvature parameters and dark energy. One of the main result they found was that the
fiducial values Ωkgeo = Ωkdyn = 0 were consistent with data but a significant degeneracy exists
when allowing a dark energy equation of state parameter w different from the value −1. Yu 11
performed a similar analysis with full treatment of CMB and didn’t find as much degeneracy
as the former study. In the present work, we follow the same approach as Yu using newly re-
leased data, trying to set the degeneracy limits. We also examine, whether in this approach, the
tension found between the two determination of the Hubble expansion parameter H0 from local
and distant universe probes could be alleviated.
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Figure 1 – The effect of Ωkdyn or Ωkgeo parameters change on the angular power spectrum from CMB measure-
ments, with the following priors {ωb, ωcdm, h, As, ns, τreio} = {0.022, 0.12, 0.67, 2.3e−9, 0.09}
2 Methods
To derive a solution of GR field equations :
Gµν =
8piG
c4
Tµν (1)
for an homogenous and isotropic universe, one uses Robertson-Walker metric:
ds2 = −c2dt2 + a(t)2
(
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
)
(2)
in which a(t) is the expansion factor of the universe and k = −1, 0,+1 according to the geometry
of space.
That leads to the Friedman-Lemaˆıtre equations:
H(z)2 = H20E(z)
2 (3)
= H20
[
Ωm(1 + z)
3 + Ωk(1 + z)
2 + ΩDE(z)
]
.
where Ωk = −kc2/(Ha)2, which we note Ωkgeo , is the cosmological curvature parameter arising
from the LHS of Equ. 1. Equ. 3 set the equality in GR between Ωkdyn and Ωkdyn = 1−
∑
Ωi. In
the following these two quantities are treated as independent. The evolution of the background
of the universe described by Equ. 3 involving Ωkdyn , while for deriving the angular and luminosity
distance we need Ωkgeo in addition of Ωkdyn . The luminosity distance for SNIa becomes:
DL =
c (1 + z)
H0
√
|Ωkgeo |
Sk
(√
|Ωkgeo |
∫ z
0
du
E(u)
)
. (4)
with Ωkdyn entering E(z). The same applies for BAO probe which is determined using the an-
gular diameter distance DA. The later being related to DL through: DL(z) = DA(z)(1 + z)
2.
We show in Fig 2 the dependence of the SN luminosity variation function of redshift on the two
curvature parameters change.
While for the CMB measurements, the two curvature parameters enter in the determination
of the fluctuations temperature, polarization and lensing power spectrum, first with Ωkdyn , enter-
ing the expansion and propagating in the whole derivation of the former spectrums, second with
Ωkgeo playing a significant role in different places, mainly in projections of angular correlations
or distances used to derive lensing effects.
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Figure 2 – The effect of changing the value
of the parameters Ωkdyn = 0.25 (lower red
line) or Ωkgeo = 0.25 (upper green line)
on the SN distance modulus as a function
of redshift, compared to the fiducial value
Ωk = 0 (middle blue line)
We show in Fig. 1 the effect of changing Ωkdyn or Ωkgeo
parameter on the angular power spectrum from CMB mea-
surements.
3 Results
To perform our analysis, we use the CMB’s C`s tempera-
ture, polarization and lensing measurements from Planck
2015 6 releases. For the BAO probe we use datasets from
Boss 2014 measurements 5 while for luminosity distance
from supernovae, we use UnionII 2010 observations 4.
To constrain our parameters we use MontePython 13
to perform a Monte Carlo Markov Chain analysis in which
the two curvature parameters assumption is implemented
by changing the underlying Boltzman code and cosmolog-
ical solver CLASS 12. The latter can calculate the theo-
retical cosmological distances as well as the CMB temper-
ature, polarization and lensing spectrums that are com-
pared to observations in an appropriate likelihood.
All the cosmological parameters of the cosmological model
as well as the nuisance parameters and the two curvature
parameters Ωkdyn and Ωkgeo are left free. The dark energy equation of state parameter w is set
to −1 in the first case and can take any constant value in the second case.
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Figure 3 – 1D Likelihood of H0 (in km.s
−1.Mpc−1) using
Planck, BAO and SNIa: with the standard Ωk and w =
−1 (blue), the same hypothesis but with w free (red) and
the last with Ωkdyn different from Ωkgeo with w free to
vary (black). The dashed line corresponds to the central
value measured in the local universe by Riess et al.
Let us know examine how constraints on
cosmological parameters may change when we
relax the Ωkdyn and Ωkgeo equality. In Fig 4 we
show in the first panel the confidence contours
(CC) of Ωkdyn vs Ωkgeo : with w = −1 we
observe a small degeneracy but the two val-
ues are well constrained around the fiducial
null value while when we allow w to vary, we
observe a bigger degeneracy. As can be seen
from the plots of Fig 2 and 1, the variation in
Ωkdyn is one order of magnitude higher than
that of Ωkgeo . This result agrees with both
studies of ZB and Yu for that case (w = −1).
In the second and the third panel, we con-
sider the variation of the two Ωk with w, as
one can see, Ωkdyn is much degenerate with w,
in agreement with the result obtained by ZB.
One may wonder whetehr the degeneracy of
the two Ωk primarily comes from having let w
free and not from having relaxed the equality of the two curvature parameters. We examine
this issue where we plot CC in both cases, i.e. in GR, i.e. with Ωkdyn = Ωkgeo (green) and
without (grey). As one can the above large degeneracy results from having relaxed the equality
Ωkdyn = Ωkgeo .
Lastly in Fig 3, we examine if the tension found between the determination of the Hubble
parameter H0 by Riess et al.
14 from probes in the local universe and the one determined from
our used probes in the more deep universe, can be alleviated. For that, we show the likelihood
of the Hubble parameter H0 for three cases: one with the traditional Ωk and w = −1, the other
with the same hypothesis but w free and the last with our approach with w free to vary. We
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Figure 4 – 2D 68%, 95% contours for Ωkdyn vs Ωkgeo (first panel), Ωkdyn vs w (second panel) and Ωkgeo vs w (third
panel), derived from MCMC analysis using CMB Planck2015 TT,EE, TE, BAO boss 2014 and SNIa UnionII.
The (purple) line corresponds to GR prediction in the first panel while red CC corresponds to w free to vary in
all panels and blue to the fiducial case w = −1 in the first panel. Green CC corresponds to w free vs Ωk in GR
assumption.
notice that the tension with H0 is reduced only when we allow the two curvature parameters
assumption with w free while the tension remains the same within the standard picture with or
without letting w free to vary.
4 Conclusions
In this work we tested a scenario in which the curvature parameter and the energy density
content parameter are distinct and vary with dark energy using the BAO, SN and the CMB
measurements with a full treatment of the latter. We found that the standard picture in which
Ωkdyn = Ωkgeo = 0 with w = −1 is consistent with present day data with Ωk well constrained but
that a significant degeneracy is observed if the equation of state parameter w is allowed to vary.
We also found that using this approach and letting dark energy parameter vary reduces the
tension on the value of the Hubble parameter measured between local and deep universe. This
shows the need of more model independent studies when analyzing cosmological observations.
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